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Introdu?tion—-

Recently there has been renewed interest in supersymrnetric field

1
theories as a possible vehicle for making realistic phenomenological rrrodels

of particle physics which do not suffer from the need to fine tune the bare

masses in the boson sector of the theory. In ordinary theories the meson

radiative correction are of order of A2 where A is the cutoff, usually assumed

to be the Grand unified scale

supersymmetry transformations

masses can stay zero because

fine tuning problems.
2

(- 1015 GeV) . The fact that the generators of

convert bosons into fermions and that fermion

of chiral symmetries allows a solution of the

In a real..sticmodel based on supersyrnmetry (SUSY), supersymmetry must be

broken because of the lack of observed bosoc partners to the light leptons.

One cari prove that in weak coupling perturbation theory,

(tree level) approximation to the theory is supersymmetric,

radiative corrections do not break supersymmetry, Thus, in

if the classlcal

then perturbativc

making realistic

mudrl field theories, one must. break SUSY at the tree level or nonperturba-

tiv’ely. It is thus important t!)have a nonperturbative method of determining

if in a 8iverr theory supcrsymrnetry is broke[l.

Ono reason for studying super-symmetric quantum mechanics is th~t thrre

arc a clasfiof ~uperpotentialG W(x) which hel,;lvcat Iargc x au x
rY

for whict]w?

know from general arguments whether SIJSY is broke’n or unbroken, Tl~us one cnrl

IISe the8e sup~rpotential,s to tetit various ideas shout how t.oscf’ if supcrsy!:;-

metry ia broken in al $rbitrrrry model.

ltccrntly,3 Witter. proposed a t~pol~gi[.i}linvnrinnt, th(’Wittrrl in~lcxA
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is not a good ctindidatz for a realistic model. In this study we evaluate A

for several examples, and show some unexpected peculiarities of the Witten

4
index for certain choice of superpotentials W(x). In this survey we also

discuss two other nonperturbative methods of studying supersynmetry breakdown.

One involves relating supersyusnetric quantum mechanics to a stochastic clas-

5,6
sical problem and the other involves considering a discrete (but not super-

syumetric) version of the theory and studying its behavior as one removes the

lattice cuttoff.
7,8

In this survey we review both the H)miltonian and path integral approaches

t.o supersymrnctric quantum mechanics.
2,5,9

We then discuss the related path

integrals f-orthe Witt.en Index and for stochastic processes and show how they

are indications for supersymmetry breakdown. We then disc!!ss a system where

the superpotenial W(x) has assymetrical values at tm,
4,14

We find that in

that case pairing is broken in that there is .?mismatch between the fermionic

and bosonic continuum density of states. Also, the Wjtten index ]s dependent

on the regulation parameter P. We firially discuss nonperturbativc strategies

for ~tudying supersymmetry breakdown baaed on introducing a IatLice and s:udy-

ing the behavior of th~ ~rn~ttid state energy as the lattice cutoff is

7,8
removed.

Il. ~uy<rgy-~~tric (Juantum Mechanics and S.onltineous Supersymgt+ry Breaking...—— - ..-..,............ .... .. ..... . -.4-..------...... . ........-.-.—_-

2,5,9
in thr liamiIt.nninnForma!ism...... .. ... .. . --------

‘Tllctiyllcrsymmrt.ryalgebra in 1)= 1 is generated by the char~rs

. .,.

Q= (p -iw(x))w, {Q, Q} =~
(1)
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One has that

{Q*, Q] = 2H

so that
.

H . ~2 + ~+(;) - ‘J; ‘] w’ (x)

[H, Q] =[H, Q*]=O .

One can also deiit!e a “fermion” number operator

(-l)F=l-WP*

(2)

(3)

:4)

which anti-commutes with Q, Q*. One can realize the above algebra in one

dimension by the following matrix representation for V* and V.

00 10
V*=C7-=(), W+= ().=0

10 00

In this representation

(-l)F = -U3 , [~’%:~ = -$03..—.-

and the Harniltonjan is diagonal

H = $[p2 + W2 (x)] + ~w’(x)

or

1)+ 1)- I o H-t
H= $ --l---=--l--

0 I 1)-1)+ I H+

(5)

(6)

(7)

(8)
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The eigenstates of H can be written as the vector

[1
J-)
n

~(+)
n

(9)

where the f corresponds to (-l)F being tl: i.e., the + corresponds to the

bosonic states and the - to the fermionic states. FromEq. (8) and

HV=EW (lo)

we obtain

D V(-) =/2~W~+) = -lQ*W~-)
n

(11)

which shows how supersymmetry pairs the positive energy solutions.

Next we want to discuss supersymmetry breaking. For supersymmetry to be

a good symmetry

Qlo> = Qy’ 10> = 010>” (12)

where 10> denotes the vacuum state. From (12) and (2) we find that for super-

symmetry to be a good symmetry the ground state energy m’~st,b,: zero. From

(11) we then see when supersymnretry is broken! Eg # O, th~ ground state must

be degcnrrate. One measure of supersymmetry breakirlg is the Witten index:~

A= Tr(-l)F. since the finite energy states are fermi-hose paired, Lhi.s

quanllty measures N+(E = O) - N..(E = O), the difference of zero energy hoson

and fermion states. Thu8 , ifA#O, supcrsymmet.ry is unbroken. UHually

.
Tr(-.l)F is ill defined so inst,cadone considers

(13)
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Following Akhoury and Comtet4 it is useful to introduce the heat kernels

K+[X, Y p) which satisfy

Using states normalized to one we obtain

A(B) = Jdx[K+ (X,x,p) - K-(x,x,@)] .

If there are also continuum states in the spectrum then one has

A(p) = N+(E = O) - N-(E = O) + r dE ~-PE[p+(E) - P.(E)]

E.

(14)

(15)

(16)

where p (E) are the corresponding density of states. Thus , only if the den-

sity of states for bosons and fermions are different will A($) depend on ~.

This will be important for our later discussion.

When the superpotential W(x) - X“ for large values of x, then it is easy

to discuss supersymmetry breaking. For supersymmetry to be preserved one ;Las

[1w (x)
HWo=O, Vo=O

w(+) (x)
o

or irom (11)

(a+- w(x)) @ = o
()

(17)

g + w(x)) ‘!$+)= o .
0
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Thus we obtain

. ~ ,N(xldx = * e-.JW(x)dx$-)
1

, J;)
2

.

If W(x) - bxa for large x then

bx
~+1

.—
~$+) -A2e

ail
.

(19)

(20)

We see when a is even there is no formalizable grour.d state with zero energy.

When u is odd there is one formalizable ground state consisting of a single.—

boson state.

(21)

such that H W. = O. Thus we get the following picture of the spectrum when

w(x) -X” for large x: For a even SUSY is broken, A = O, Eg > 0 and all the

eigenvalues have fermi-hose degeneracy. For a odd SUSY is a goad symmetry,

A= 1, the ground state has E = O and is a hose state, all excited states have

fermi-bcse degeneracy.

III. Path Inte&_ralFori,lalism
5,10

..——..—.-— .—.—— . —- --

From the Hamiltonian (3) we have that

Letting t-+i~the Euclidean path integral is

(22)

(23)
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*
where x is now a random variable and Y, V are now elements of a Grassman

algebra

Lti=
t?

+(aTx)2 + ~ (x) - v%t - w’ (x)]’+ . (24)

For the path integral Z[j] the boundary conditions on the fermion fields are

Y(o) = -Y(T) We next want to integrate out the fermi field. We obtain

Z[J,~,f’1*]= J[Dx] Det[~ -T
W’(x)] exp[-} (;2/2 + %7) d~] (25)

o

The determinant has been evaluated by Gildener and Patrascioiu.
10

Det[~T - W’] = ~ Am whe~e Am satisfy

[aI - w’(x)] Wm = A,fi W
m

[-aT - w’(x)] W* =AmV
m m “

“1’hus

~m= CM exp ~ .fTd~’[Am + W’(x(~ ’))] .
0

(26)

(27)
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Imposing antiperiodic boundary conditions Win(T) = -Win(0)yields

Thus

n Am(g)/Am(0) = cosh JT dr ~ .m
o

Thus

z.- Z+z+

‘i
❑J [dx] exp

*

‘E
= JTdl (<

o

Thus as expected, from (7)

z =Tre
-HT

=Tre
-H+T + Tr e-H-T

(29)

(30)

(31)

(32)

=z++z-

(+)T (-)T
= Z e-En + Z e-En

= ~ e-EnT

{En] = {En(+),E$)) .

If SUSY is unbroken, then E
(+)

=0, E(-) > 0 and to satisfy the degeneracy
o 0

condition for n 2

~(+) = E(-)

n n-1

If SUSY is broken

1

(33)

then E(’) = E(-) >0 for ail.n, (n = O, 1, 2....).
11 n
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Now from this last discussion we expe~t that the regulated Witten index

also has a aimplc path integral form. Since from (13)

-m (-w+ 1-w- ,
A($) = Tr (-l)F e =Tre - e (34)

we expect

A(p) = Z+ - Z- [35)

*
where in S we integrate from zero to ~ instead of T. This is indeed so. To

evaluate Tr (-l)F e-w we need to insert eigenstates of lx> and Iv> into the

trace. Since (-1)F lb> = lb> and (-l)F If> = - If> one obtains for A(p)

(36)

but now because of the (-1)
F

x(o) = X(P) , w(o) = w(p) , W*(O) = W*(B) (37)

so we have a determinant with periodic boundary conditions. Imposin%

Vm(T) = Win(0) in (17) yields

so that

w’ (x)
11Am(g)/Am(0) = sinh JT d~ —-

2
0

(36)

(39)

1

I
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and we obtain

(+)p

A(P) = Z+ - Z- :=I e-En -Ie-En(-b . (4C)

(+) (-)
When SUSY is unbroken then En+l = E and E(+) = O. In that case, A = 1,

n o
-;

E(+) > 0 for all n andindependent of P. When SUSY is broken, then E: = n

A= O, independent of $. There is also a related path integral connected with

the classical stochastic processes defined by the Langevin equation
11,12,13,5

;(T) = W(X(T)) + f(T) (41)

where f(r) is a random stirring force having Gaussla,l statistics.

P[f] = N exp[-$
~T ~t fz$t)l

to o

so

JDf P[f] = 1

j_Df P[f] f(~) = O

J Df P[f] f(~) f(~’) = F. 6(T - ~’) .

(42)

(43)

To determine correlation functions in x resulting from the s~at~stics of

the forcing term one has

HP[f] Df = P[; - W(x)] det ~~ Dx .

Now we hav’,

6f(I)—..— = [: - W’ (X(~))] 8(T - T’) = G-l(T - y’)
6X(T’)

(44)

(45)

= + [6(T - r’) - 9(T - T’)W’ (X)] = ~+ K(~, T’) .
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Where we have used the fact that this is a causal system with forward propa-

gation in time

dG
GO(T-T’)=S(T - T’) , ~ =6(T- T’) . (46)

Using this bcundary condition only the first term in the expansion of the Tr

Qn survives, and a,parfrom overall normalization

Idet $$1 = tiTr(l~)= e~m’ ‘x)dT . (47)

Parisi and Sourlas introduced Grar,sman variables to represent the determinant

I = J (dx][dW] exp(-% J [;2 + F(X) + ?(t)[~ - W’] V(t)]) . (48)

However anti~ ::iodic b.c. on Y give Z+ - d at.dperiod b.c. on Y give Z+ + i!-.

Forward propagation boundary condition leads to

-+ JT[iz+W2(X) - W’(x)](-lt

1=2 = .rP[f]Df =J’dx c o (49)
stoch

(50)

with the identification of F. = !i and we have used f;W(x)dT = .( ~T I“(x(T))

dT = O for a polynomial W(x) and periodic x(T). In deriving (491 we ;11s0

assumed that Eq. (41) had only one solution for a given f.

When sllpersymmetry is broken und ‘I’-, E
(+)

> 0 and one cafnot ~;at.isiy
o

2+ =1.
6

‘1’hLJ8 the stochustir prohlrm must t~f~con]c l)on-illvcrtibl~. In faf’t,

the rqi,ation

.
x = -g Xn

X(to) = x
o

(!)t)
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has solutions

‘1

x =[(n- I)(gt + C)](l : ‘)

where

~ l-n

c —-
= (:-1) gto “

This solution can blou up for t > to when n is lven for certain X. but not

when n is odd. Furthermore, one can define a classical probability

such that

Jdyynpcl(y) ~JDf p[f] (X(~))n = ~Xn (I)> ,

P satisfies Fokker-Planck equation
C.!2

for an equilibrium distribution to exist at long times t one }Ms

P (y,tl+P(y)

find f~(y)dy= 1 .

(54)

(55)

(5t))

8],
S(’tting at = 0, w obtain



F(Y)
. ~ ~-2/M JTd(y)dy
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(5”i)

‘~(Y)dY from (21) and Fsince Vo(y) = A e = P. Thus , only when SUSY is
o

unbroken (Eo= O) does an equilibrium distribution exist for the classical

stoch~$tic system.

Iv. SUSY Without Pairin&
4,14

When we allow W(x) to exhibit sol.itonic behavior so that

O(x)-@+ at- x = +@

(58)

O(x)+- at x = -~

then the spectrum has a continuum as well as a finite number of bound states.

In these cases supersymmetry actually forces an asymmetry in the density of

+
states p (E) # p (E) and therefore also the Witten index becomes ~ dependent..

If we choose W(X) = tanh x then Lhc Hamiltonian H,,are

H+ =
-d; + , 2

- 2 sech X
dx

d2
1{- dx2 + I “~--- ---

~-(x,k) - r-lkx x ●-(m (()())

E-(k) = (1 + l?)
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whereas for H+ there is one bound state

W(+) = ~ech ~ , E(+) = O
‘o o (61)

as well as the scattering states obtained by the supersymtnetry operation (11)

J~) w(+) = (-~ + tanh X)V(-) (62)

.
. “ JZw) f+ - (-ikx + tanh X)eikx X+{-&

.
.

“ ~) f3+ - (+i%x + tanh x)e-ikx X+-oo

E+(k) =k2 + 1 ,

NOW the boundary conditions requires that w‘+)(k) and W (-)(k) have dif-

ferent phase shifts making it impossible for the densit,y of states p+(E) to be

equal to pO)(E). In fact, using the boundary condition that !v(x)+tl at @

(+)
and the supersymmetry relet.ion between V and V(-) one can obtain a relnt.ion-

ship between the Jest fur,ctinns and deriv[~

WCJhave from (16)
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Iv. Nonperturbative Strategies for Studying SUSY Breaking

TWO methods for exploring field theory in the strong coupling (nonpertur-

the lattice a kiuetic energy or strong coupling

expansion). The other is Monte Carlo evaluation

bative) domain exist. One :s strong coupling expansions of lattice versions

of the field theory 15 (on

expansion is a non-singular

16
of the latticized Path Integral. Here we ignore the problem of trying to

17
make a superayrnmetric lattice theory. Instead we introduce a time lattice

with lattice spacing a. ““le lattice breaks all, or part of SUSY ulgebra,

Clearly the ground state energy of the lattice Hamiltonian will not be zc’ro.

However we can ask what happens to Eo(a) as the lattice spacing a goes to

zero. 41though it might bs difficult in au approximation scheme to see if

E. = O, because we have an extra parameter, the lattice spacing one can ask

whether

II. (a) - ay (65)

as a+O. Here y is ircritical cxponenta If we find t.llaty~O within the accu-

racy of our c~lcl~latio:lalschcmc , thCll OIIC t’ollld S~Y wit.11confidcllcc tlliit ttl[’

continuum theory W(1Ss’.l~){’rsymr,)rtric.If’y+O tindE;i)(u)}finite const.arltns a?()

then wc rxl)cct the continuum theory to brr:lk supcrsyrnmetry. So

(Rrokrn SIISY)
(66)

((17)
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An cnalytic procedure is the strong coupling expansion of the Langevin

7
equation. For example, for W(x) = gx3, we have on the lattice Eq. (41)

becomes

3E(X* - Xn-l) + gx = f
n n

where c = ~ .

One then calculates

x = ZE ‘x (m)
n n

and finds

~ 1/3

x -n--- + ----- (f
1/3 f-2/3 - ~-1/3=

1/3 2/3 n-1 n
)+ O(C2) ....,

n
8 3g

n

(6d)

(69)

(70)

(71)

(/2)
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where

3
z 2,= (Z

is a dimensionless correlation length. One needs to extrapolate this finite

series from small z to infinite z, To do this one uses Pzde approximants.

Assuming

E
CY

-z
o

Eo(z)
CY

= :fi z Fe(z)

(73)

we obtain a sequence of approximants

a =+1, +.4766, -3.537, -3.4903, -3.4997, -3.4763. (74)

Thus we e:;timate since y = -cY/3

E -J”16 - (75)o

This agrees

credence to

restored in

We can

gx2/2, wc can write8 Ilsingpnth integral tech-a strong coupling series of l;O

niques :

3
with our knowledge that SUSY is good when W = gx . It 81s0 gives

the idea that ollc can naively put SUSY on a lattice and have it

the continuum.

also check this method when SUSY is broken. If We ChOOSC? w(x) =

(76)
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One the lattice t = na , w(x) = W(xn)

F(Jn)
20 [J] = 11 —— = N exp

F(O)
~ in [F(Jn)/F(0)] (77)

F(y) = J*dt exp (-~ ati + ~ aW’ + ayt)
-m

= Z An yn/n!

An = Jdt tnexp[-ag t4/8+ ag t/2]

.
The inverse proptigator a; 6(t - t’) becomes well behaved on the lattice

G~l (n,m) = -4 (6n,
83

+6 - 26nm) .
m+l m’ n+l

-1
The expansion in powers of C gives a series in c.

o
We obtain

3&2
E = -8--‘:X4?- ; g<x~
()

2/3 ~ ~: ~2tl= u n’

Analyzing this seri{’tiwe !“ind

(78)

(79)
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